Introduction
The use of fibre-reinforced polymers has gained an ever-increasing popularity due to their superior mechanical properties. Designing structures made out of composite material represents a challenging task, since both thicknesses, number of plies in the laminate and their relative orientation must be selected. The best use of the capabilities of the material can only be gained through a careful selection of the layup. This work focuses on optimal design of laminated composite shell structures i.e. the optimal fiber orientations within the laminate which is a complicated problem. One of the most significant advances of optimal design of laminate composites is the ability of tailoring the material to meet particular structural requirements with little waste of material capability. Perfect tailoring of a composite material yields only the stiffness and strength required in each direction. A survey of optimal design of laminated plates and shells can be found in [1] .
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Email addresses: elo@me.aau.dk (Esben Lindgaard), el@me.aau.dk (Erik Lund) load, but for structures exhibiting a nonlinear response when loaded, and especially for shell like structures, the traditional approach can lead to unreliable predictions of the buckling load. In the case where nonlinear effects cannot be ignored nonlinear path tracing analysis is necessary. For limit point instability, several standard finite element procedures allow the nonlinear equilibrium path to be traced until a point just before the limit point. The traditional
Newton like methods will probably fail in the vicinity of the limit point and the post-critical path cannot be traced.
More sophisticated techniques, as the arc-length methods suggested by [2] and subsequently modified by [3] and [4] are among some of the techniques available today for path tracing analysis in the post-buckling regime. Despite such sophisticated techniques exist, buckling analysis of shell like structures is today still a difficult task which consequently makes it difficult to optimize shell structure w.r.t. stability.
For many years a common shell buckling problem, first introduced by [5] and later appeared in numerous journal articles, has been a classical example for describing buckling behaviour of cylindrical shell panels. The example has been used as a benchmark to investigate advances in numerical finite elements methods for handling load and/or deflection reversals in nonlinear buckling problems. Furthermore, it is used to demonstrate the capability of finite element procedures to traverse such complicated load paths.
Lately, [6, 7] noticed that the solution by [5] and re-produced by many other authors through several decades was incorrect. The incorrect solution only involves symmetric deformation modes and makes the assumption that limit point buckling occurs. [6, 7] discovered through numerical studies and related experiments that the former symmetric solution is incorrect and the existence of bifurcation and asymmetric buckling mode at a lower load level.
Furthermore, [6, 7] concludes that the bifurcation point is stable which means that the structure is able to carry more load after bifurcation until, according to [6, 7] , a load limit point instability is encountered. The results by [6, 7] is also included and discussed in the book by [8] . Their conclusion about stability of the bifurcation point turns out to be incorrect, i.e. the bifurcation point is not stable but unstable, which demonstrates that buckling analysis of relatively simple structures still represent a challenging task. The entire solution of the buckling benchmark problem is shown in Section 4 where new features of the buckling problem are revealed.
Research on the subject of structural optimization of composite structures considering stability has been reported by many investigators. The first work to appear concerned simple composite laminated plates and circular cylindrical shells where stability was determined by solution of buckling differential equations, see [9, 10, 11, 12, 13, 14, 15, 16, 17, 18] . Later, buckling optimization of composite structures was considered in a finite element framework where the buckling load was determined by the solution to the linearized discretized matrix eigenvalue problem at an initial prebuckling point. Optimization of laminated composite plates has been studied by [19, 20, 21, 22, 23] , while others considered more complex composite structures as curved shell panels and circular cylindrical shells, see [24, 25, 26, 27, 28, 29] . Applications of optimization methods to stability analysis including nonlinear prebuckling effects have been very limited. To the best knowledge of the authors only the papers by [30, 31, 32] report on nonlinear gradient based buckling optimization of composite laminated plates and shells where buckling is considered in terms of the limit load of the structure. Thus there is a lack of optimization procedures that handles bifurcation instability 2 including nonlinear prebuckling effects but also optimization procedures that simultaneously handles bifurcation and limit point instability. Despite bifurcation points, if unstable, in many cases may be transformed into limit points by introducing imperfections into the system, see e.g. [33, 34, 35] , whereby only limit points may be concerned in the optimization formulation in order to optimize the buckling load, a general optimization formulation that handles both types of instability may prove to be important. In cases of stable bifurcation points the method of introducing imperfections will not work since the stability point simply vanish, i.e. the bifurcation point is not converted into a limit point but vanish and the load response keeps rising stably. Also in cases of unstable bifurcation points the method of introducing imperfections may not be without difficulties since a proper choice of imperfections can be difficult.
The latter is shown in Section 4. Furthermore, the type of stability may also change during buckling optimization, i.e.
from one optimization iteration to another the stability type may change from e.g. a bifurcation point to a limit point.
An optimization formulation that operates on the initial structure without imperfections and handles a general type of stability is needed.
This paper presents an integrated and reliable method for doing optimization of composite structures w.r.t. a general type stability, i.e. bifurcation instability and limit point instability, depending on what to appear first on the equilibrium path. Features for detecting bifurcation points and limit points during nonlinear path tracing analysis is developed. The nonlinear buckling formulation described in [31] is utilized, i.e. optimization w.r.t. stability is accomplished by including the nonlinear response by a path tracing analysis, after the arc-length method, in the optimization formulation, using the Total Lagrangian formulation. The nonlinear path tracing analysis is stopped when a stability point is encountered and the critical load is approximated at a precritical load step according to the "one-point" approach, i.e. the stiffness information is extrapolated from one precritical equilibrium point until a singular tangent stiffness is obtained. Design sensitivities of the critical load factor are obtained semi-analytically by the direct differentiation approach on the approximate eigenvalue problem described by discretized finite element matrix equations. A number of the lowest buckling load factors are considered in the optimization formulation in order to avoid problems related to "mode switching". The proposed method is benchmarked against a formulation based on linear buckling analysis on a shell buckling problem and helps to clarify the importance of including nonlinear prebuckling effects in structural design optimization w.r.t. stability.
In this work only Continuous Fiber Angle Optimization (CFAO) is considered, thus fiber orientations in laminate layers with preselected thickness and material are chosen as design variables in the laminate optimization. Despite fiber angle optimization is known to be associated with a non-convex design space with many local minima it has been applied since the laminate parametrization has not been the focus in this work, i.e. the presented method in this paper is generic and can easily be used with other parametrizations.
The proposed procedure regarding nonlinear buckling analysis is described in Section 2 together with detection features applied for discovering stability points during geometrically nonlinear analysis. Derivations of design sensitivities, using the direct approach, of the nonlinear buckling load are presented along with the general type nonlinear buckling optimization formulation in Section 3. The benchmark shell buckling problem is treated in Section 4 where it 3 is shown that the solutions found in literature still are not correct and new features of the problem are revealed. Buckling optimization of a composite laminated curved shell panel is considered in Section 5. Conclusions are outlined in Section 6.
Nonlinear Buckling Analysis of Composite Structures
The finite element method is used for determining the nonlinear buckling load factor of the laminated composite structure, thus the derivations are given in a finite element context.
A laminated composite is typically composed of multiple materials and multiple layers, and the shell structures can in general be curved or doubly-curved. The materials used in this work are fiber reinforced polymers, e.g. Glass or Carbon Fiber Reinforced Polymers (GFRP/CFRP), oriented at a given angle θ k for the k th layer. All materials are assumed to behave linearly elastic and the structural behaviour of the laminate is described using an equivalent single layer theory where the layers are assumed to be perfectly bonded together such that displacements and strains will be continuous across the thickness.
The solid shell elements used are derived using a continuum mechanics approach so the laminate is modelled with a geometric thickness in three dimensions, see [36] . The element used is an eight node isoparametric element where shear locking and trapezoidal locking is avoided by using the concepts of assumed natural strains for respectively out of plane shear interpolation, see [37] , and through the thickness interpolation, see [38] . Membrane and thickness locking is avoided by using the concepts of enhanced assumed strain for the interpolation of the membrane and thickness strains respectively, see [39] .
Nonlinear buckling analysis
Structural stability/buckling is estimated in terms of geometrically nonlinear analyses and applies for both bifurcation and limit point instability, depending on what to appear on the equilibrium path. The proposed procedure for nonlinear buckling analysis is schematically shown in Fig. 1 and consists of the steps stated in Algorithm 1. During a geometrically nonlinear analysis the fundamental stability point is detected if it exists. Two stability situations are depicted in Fig. 1 , an unstable bifurcation point and a load limit point. In both cases the stability point is detected by the procedures described in Section 2.2. An incremental formulation is more suitable for nonlinear problems and it is assumed that the equilibrium at load step n is known and it is desired at load step n + 1. Furthermore, it is assumed that the current load is independent on deformation. The incremental equilibrium equation in the Total Lagrangian formulation is written as (see e.g. [40, 41] )
where
i.e.
Here δD is the incremental global displacement vector, F n global internal force vector, and R n+1 global applied load vector. The global tangent stiffness K n T consists of the global initial stiffness K 0 , the global stress stiffness K n σ , and the global displacement stiffness K n L . The applied load vector R n is controlled by the stage control parameter (load factor) γ n according to an applied reference load vector R
The incremental equilibrium equation (1) is solved by the spherical arc-length method after [4, 42] .
During the nonlinear path tracing analysis we can at some converged load step estimate an upcoming critical point, i.e. bifurcation or limit point, by utilizing tangent information. At a critical point the tangent operator is singular
where the superscript c denotes the critical point and φ j the buckling mode. To avoid a direct singularity check of the tangent stiffness, it is easier to utilize tangent information at some converged load step n and extrapolate it to the 5 critical point. The one-point approach only utilizes information at the current step and extrapolates by only one point.
The stress stiffness part of the tangent stiffness at the critical point is approximated by extrapolating the nonlinear stress stiffness from the current configuration as a linear function of the load factor γ.
It is assumed that the part of the tangent stiffness consisting of K n L and K 0 does not change with additional loading, which holds if the additional displacements are small. The tangent stiffness at the critical point is approximated as
and by inserting into (5) we obtain a generalized eigenvalue problem
where the eigenvalues are assumed ordered by magnitude such that λ 1 is the lowest eigenvalue and φ 1 the corresponding eigenvector. The solution to (8) yields the estimate for the critical load factor at load step n as
If λ 1 < 1 the first critical point has been passed and in contrary λ 1 > 1 the critical point is upcoming. The one-point procedure works well for both bifurcation and limit points. The closer the current load step gets to the critical point, the better the approximation becomes, and it converges to the exact result in the limit of the critical load.
In general, for engineering shell structures, the eigenvalue problem in (8) can be difficult to solve, due to the size of the matrices involved and large gaps between the distinct eigenvalues. For efficient and robust solutions, (8) is solved by a subspace method with automatic shifting strategy, Gram-Schmidt orthogonalization, and the sub-problem is solved by the Jacobi iterations method, see [43] .
Traditional linear buckling analysis may be considered as a simplified version of the more general nonlinear buckling problem in (8) . In linear buckling analysis the structure is assumed to be perfect with no geometric imperfections, stresses are proportional to the loads, displacements at the stability point are small, and the load to be independent of the displacements. Based on these assumptions on linearity the stress stiffening effects due to mechanical loading can be evaluated in terms of the displacements determined by a linear static analysis and a simplified version of the generalized eigenvalue problem in (8) can be established where the displacement stiffness of the system is neglected.
Detection of critical points
To obtain a good approximation of the critical load by nonlinear buckling analysis the precritical point used for the approximation have to be located in the neighbourhood of the critical load. In order to choose a good precritical point it is therefore necessary to detect stability points during the geometrically nonlinear analysis. Limit points are easily detected by monitoring the load factor in the GNL analysis, as stated in Algorithm 2. When the load factor from two 6 Algorithm 2 Pseudo code for limit point detection during GNL analysis
Define:
successive load steps decreases the previous converged load factor is defined as the limit load, i.e. γ n−1 ≡ γ c lim , and the precritical point for the nonlinear buckling analysis is then γ n−2 .
Bifurcation points are harder to detect than limit points. Here nonlinear buckling analysis according to (8) is performed at precritical stages during the geometrically nonlinear analysis as a singularity check on the tangent stiffness.
When the critical load factor determined by the nonlinear buckling analysis is less than the current load factor, i.e. λ 1 < 1.0, a critical point has been passed. If the point is not defined as a limit point by the procedure in Algorithm 2 and the fundamental eigenvalue from solving the nonlinear buckling problem from two successive load steps is less than one, the stability point is defined as a bifurcation point. The procedure applied in this study for detecting bifurcation points is stated in Algorithm 3.
Algorithm 3
Pseudo code for bifurcation point detection during GNL analysis
Set: nApp = n 3:
Compute:
if λ Define:
end if
8: end if
A nonlinear buckling analysis is always performed for the first converged equilibrium point. In order not to perform nonlinear buckling analysis for every converged equilibrium point during the GNL analysis some restrictions have been added, see Algorithm 3. A nonlinear buckling analysis is performed if the current load factor γ n is larger or equal to 90% of the value of the critical load factor nApp γ c 1 determined at the previous approximation load step, nApp, according to the one-point approach. Furthermore, a nonlinear buckling analysis is performed if the number of load steps since the previous nonlinear buckling analysis exceeds nAppMax. If the fundamental eigenvalue from the nonlinear buckling problem from two successive load steps is less then one, the previous converged load factor associated with a fundamental eigenvalue larger than one is defined as the bifurcation load, i.e. γ n−2 ≡ γ c bi f , and the precritical point for the nonlinear buckling analysis becomes γ n−3 .
With the implemented detection features there is a possibility of a special situation. If the arc-length solver during geometrically nonlinear analysis automatically branches to an unstable bifurcated solution, the critical point will be detected as a limit point and not as a bifurcation point. This will however not influence upon the nonlinear buckling optimization procedure and thus the optimization result since the same equations for nonlinear buckling analysis and design sensitivity analysis apply for limit points and bifurcation points. During the numerical studies such a special situation did not occur.
Re-initialization of arc-length solver
For effective solution of the nonlinear buckling problem, i.e. geometrically nonlinear analysis, detection of stability points, and nonlinear eigenbuckling analysis, a re-initialization feature has been incorporated into the arc-length solver such that large load steps may be applied for the first part of the equilibrium path and reduced in the area of an upcoming stability point. Thus, a better resolution of the equilibrium path is obtained in the area of interest and a better precritical equilibrium point may be detected. The procedure is stated in Algorithm 4.
Algorithm 4
Pseudo code for re-initialization of arc-length
Reset arc-length with or without adaptivity
3: end if
Oprev γ c 1 is the fundamental buckling load factor from the previous optimization iteration. The arc-length in the arc-length solver can either be set statically having the same value at all load steps or adaptively modified depending on the number of sub-iterations required for each load step. This adaptivity may be turned on or off during the re-initialization of the arc-length in the arc-length solver.
Design Sensitivity Analysis and Optimization of the Nonlinear Buckling Problem
To accomplish gradient-based optimization of the nonlinear buckling load factors, the nonlinear buckling load factor sensitivities must be derived. Only simple eigenvalues of conservative load systems are considered, but sensitivities of multiple eigenvalues can be computed using the approach described in, e.g., [44] .
Design sensitivity analysis of simple eigenvalues
The eigenvalue problem in (8) is a generalized eigenvalue problem of the form
It is assumed that the eigenvectors are M-orthonormalized, i.e. φ assuming that λ j is simple.
By pre-multiplication of φ T j , make use of the M-orthonormality of the eigenvectors, the governing equation (8), and noting that the system matrices are symmetric we obtain the eigenvalue sensitivities as
In order to determine the eigenvalue sensitivity
for any of the design variables a i , i = 1, . . . , I, the derivative of the element initial stiffness matrix, element displacement stiffness matrix, and the element stress stiffness matrix have to be derived, respectively. These derivatives are calculated semi-analytically utilizing central difference approximations on element level and assembled to global matrix derivatives. This approach has been chosen as it is computationally efficient, easier to implement than analytical sensitivities and in case of fiber angle design variables there are no accuracy problems.
k 0 is the element stiffness matrix, ∆a i is the design perturbation, and N as e is the number of elements in the finite element model associated to the design variable a i .
Both the stress stiffness matrix and the displacement stiffness matrix are implicit functions of the displacements, 
where the displacement increment is ∆D n ≈ dD n da i ∆a i . Thus, the displacement sensitivity,
, must be computed. At the converged load step n, we can write the equilibrium equation as
where a) is the so-called residual or force unbalance. Taking the total derivative of this equilibrium equation, with respect to any of the design variables a i , i = 1, . . . , I, we obtain
and ∂Q
We note that (18) reduces to the tangent stiffness matrix. Since it was assumed that the current load is independent on deformation,
By inserting the tangent stiffness and (19) into (17), we obtain the displacement sensitivities
For design independent loads, the term
Thus, all terms have been derived for the evaluation of the eigenvalue sensitivities in (12) and the estimate for the nonlinear buckling load factor sensitivity at load step n is
The mathematical programming problem
The mathematical programming problem for maximizing the lowest critical load is a max-min problem. The direct formulation formulation of the optimization problem can give problems related to differentiability and fluctuations during the optimization process since the eigenvalues can change position, i.e. the second lowest eigenvalue can become the lowest. An elegant solution to this problem is to make use of the so-called bound formulation, see [45] , [46] , and [47] . A new artificial variable β is introduced and a new artificial objective function β is chosen. An equivalent problem is formulated, where the previous non-differentiable objective function is transformed into a set of constraints. The optimization formulation in the case of laminate optimization, for a max-min problem with the use of the bound approach, is formulated as follows
where x i denote the laminate design variables in terms of fiber angles.
The mathematical programming problem is solved by the Method of Moving Asymptotes (MMA) by [48] . The closed loop of analysis, design sensitivity analysis and optimization is repeated until convergence in the design variables or until the maximum number of allowable iterations has been reached.
The Cylindrical Shell Benchmark Problem and Solutions
The cylindrical shell panel example was first introduced by [5] and later appeared in numerous journal articles.
The example has been used as a benchmark to investigate advances in numerical finite elements methods for handling load and/or deflection reversals in nonlinear buckling problems. Furthermore, it is used to demonstrate the capability of finite element procedures to traverse such complicated load paths.
Lately, [6, 7] noticed that the solution by [5] and re-produced by many other authors through several decades is incorrect. The incorrect solution only involves symmetric deformation modes and makes the assumption that limit point buckling occurs. [6, 7] discovered through numerical studies and related experiments that the former symmetric solution is incorrect and the existence of bifurcation and asymmetric buckling mode at a lower load level.
Furthermore, [6, 7] concludes that the bifurcation point is stable which means that the structure is able to carry more load after bifurcation until, according to [6, 7] , a load limit point instability is encountered. The results by [6, 7] is also included and discussed in the book by [8] . Their conclusion about the stability of the bifurcation point turns out to be incorrect, i.e. the bifurcation point is not stable but unstable.
Both the incorrect symmetric and the correct asymmetric solution to the benchmark example are presented in order to clarify the complicated behaviour that may be encountered in shell buckling for even an immediate simple wellknown example. The complicated buckling behaviour for the numerical example will therefore pinpoint some of the challenges in optimizing geometrically nonlinear structures with respect to a general type of stability. Furthermore, the stability of the bifurcation point from the asymmetric solution is analysed and the results from [6, 7] 
Symmetric Solution
The load versus center deflection response from a geometrically nonlinear analysis upon the original perfect system is presented in Fig. 3 together with the original solution by [5] and the symmetric solution in [6, 7] . The solutions are in almost perfect agreement. Both load and deflection are taken positive in the loading direction. The stability limit is characterized by a load limit point at a load limit of R LP ≈ 588N. A path tracing algorithm is needed for this solution as both load-and deflection reversals occur. Snap-through would occur at the load limit point in load control, and snap-down at the deflection limit point in deflection control. The path tracing algorithm called the arc-length method after [4] is applied in this work.
Spanwise mode shapes along the shell centerline obtained by MUST are presented in Fig. 4 for several values of center deflection, w c . Line markers on this deformation plot are the bottom mesh grid points of the shell. The spanwise mode shapes are symmetric about the centerline and loading point. After reaching the deflection limit point at w c ≈ 16.9mm a snap-back occurs where both load and center deflection decrease simultaneously. At larger values of center deflection, the shell is fully inverted (concave, rather than the convex undeformed shape) and begins to act like a stretched membrane. This is also evident on the load-deflection behaviour in Fig. 3 where slight nonlinear stiffening is observed for center deflections larger than w c ≈ 22mm.
Asymmetric Solution
The symmetric solution of the problem makes the assumption that limit point buckling will occur and does not consider bifurcation and associated asymmetric buckling mode. Most analyses make this implicit assumption by symmetry considerations with respect to geometry, loading and response by which only 1/4 of the shell is modelled. [6, 7] noticed that the symmetric solution was incorrect and that there exists a asymmetric solution in terms of bifurcation at a lower load than the load limit point for the symmetric solution.
Four different techniques are applied in this study in order to determine the bifurcation point and the associated bifurcated path. The precisions of the different techniques are compared individually and to the asymmetric solution by [6, 7] . The four techniques applied to obtain the asymmetric solution are classified as 1. Linear buckling analysis 2. GNL analysis of imperfect system 3. Nonlinear buckling analysis at deformed configurations on perfect system 4. GNL analysis by arc-length method of perfect system with small step size In engineering applications linear buckling analysis is often used as a generalized stability predictor for shell structures, see e.g. [51] . Within linear buckling analysis the structure is assumed to behave linearly up until the buckling point neglecting all types of nonlinearity. For some cases, despite whether the critical point is a bifurcation or limit point, the classical theory yields a satisfactory prediction of the buckling load while it in other cases gives results of little or no value. Typically, linear buckling analysis gives poor predictions of limit point instability since that type of instability inherently is nonlinear. Since the structures analyzed with linear buckling analysis are perfect with no imperfections of any kind together with the assumptions involved in the theory, the prediction will typically be an upper limit for the real collapse load, and the method is therefore in literature often stated as non-conservative in an engineering context, see e.g. [52] . The buckling mode from linear buckling analysis is asymmetric and corresponds to bifurcation buckling. Comparing this buckling load, R LB = 674N, with the limit point buckling load of the symmetric system, R LP ≈ 588N, it seems that bifurcation buckling will not occur prior to the load limit point. In order to precisely verify that bifurcation does not occur the second technique is applied. A slightly distorted/imperfect system is analysed in order to investigate whether a secondary equilibrium path exist. This may be accomplished by introducing geometric imperfections in the shell geometry in the form of the first linear buckling mode with a specified amplitude. The amplitude is defined as the largest translational component of the first linear buckling mode relative to the thickness of the shell. Geometrically nonlinear analysis of the imperfect system may reveal whether bifurcation occurs onto a secondary bifurcated equilibrium path. Equilibrium paths of imperfect systems with different relative imperfection size in relation to the thickness of the shell are shown in Fig. 6 . All equilibrium paths from the imperfect systems follow a different path than the one from the perfect system, thus a bifurcation branch exist.
From the solutions of the imperfect systems the problem of choosing appropriate imperfections and size for analyzing bifurcation points is apparent. The imperfection size has to be lower than approximately 1% in order not to change the problem and thereby the solution. Thus the imperfection amplitude has to be large enough to induce bifurcation but also small enough not to change the problem. At approximately 516N, the shell bifurcates onto a secondary branch associated with a dominant asymmetric mode, see Fig. 7 .
Bifurcation occurs about 12% below the load limit point for the symmetric solution, thus this is the preferred lower energy path. The two reliable imperfect equilibrium paths (0.1% & 1% Imperfect Geo.) show a limit point in the region of the bifurcation point and do not exhibit a deflection limit point but rejoins the equilibrium path with the symmetric response at large values of center deflection. In this region the response is dominated by membrane In order to determine the bifurcation load more precisely the third technique is applied. The equilibrium path is traced by Newton's method with a fixed load step size of 1%. At each converged iteration a nonlinear buckling analysis, see Section 2, is performed on the current deformed configuration as a singularity check on the tangent stiffness. From this technique the bifurcation point is determined to be between 504 and 528N. The bifurcation point is marked on Fig. 6 as 516N .
Applying the fourth technique the bifurcated path is determined by geometrically nonlinear analysis of the perfect system, i.e. without introducing any imperfections. The equilibrium path is traced by the arc-length method and at a load step close the bifurcation point the arc-length, controlling the step size in the arc-length method, is reduced dramatically and the step size adaptivity is removed. With such a small step size it is possible to trace the branching from the fundamental to the secondary bifurcated path as shown in Fig. 8 .
By the solution in MUST the entire equilibrium paths are obtained by a single arc-length solution with very small arc-length step size. Initially, the fundamental path is traced up until the bifurcation point whereby the secondary path is traced. At the second bifurcation point the analysis returns to the fundamental path which is traced towards the lower load limit point and through the upper load limit point. At the first bifurcation point the analysis again returns to the secondary path. Reaching the second bifurcation point the analysis traces the remaining part of the fundamental equilibrium path.
The bifurcation point is accurately determined at a load level of 526N and it is quite clear that the bifurcation point is unstable, i.e. in load control the structure will at the bifurcation point experience a dynamic snap-through onto a stable configuration which is located on the fundamental equilibrium path, see Fig. 9 . Due to the many iterations needed by this procedure, more than 25.000 iterations for this example, this numerical procedure is not suited for real life problems. Furthermore, the location of the bifurcation point should be known a priori in order to activate the small step size and be chosen sufficiently small in order to branch to the secondary path. Otherwise a small arc-length step size has to be used also for the initial part of the fundamental equilibrium path which results in additional numerical These results disprove the results published in [6, 7] and in [8] in which it is concluded that the bifurcation point is stable. [6, 7] and [8] conclude that the bifurcation point is stable, i.e. bifurcated path is stable and that the structure is able to accept more load until a load limit point on the bifurcated path is reached. This is not correct but probably just a wrong interpretation of the numerical results. The asymmetric solution in [6, 7] is obtained by geometrically nonlinear analysis of an imperfect system. It is correct that the stability limit of the equilibrium path for the imperfect system is characterized by a limit point but the bifurcation point for the imperfect system is non-existing. The bifurcation point of the perfect system is merely transformed into a limit point for the imperfect structure. This statement may also be verified by comparing the limit point load 523.4N for the imperfect system with the accurately determined bifurcation load 526N of the perfect system. Thus the bifurcation point is unstable and not stable as stated in [6, 7, 8] .
In Fig. 10 In the load-deflection plane there is the already discussed limiting behaviour on the fundamental equilibrium path given by the load limit point, but before the corresponding instability with respect to w c is encountered a bifurcation of equilibrium into the asymmetric bifurcation mode at the point marked on the figure takes place.
Initially the shell deflects symmetrically with w c increasing nonlinearly with loading, γ, and rotation R z,c equal to
zero. An unstable symmetric point of bifurcation is reached at the marked point and the shell will snap dynamically through non-symmetric states typified by R z,c 0 to a stable configuration on the fundamental equilibrium path.
From projections of the equilibrium paths in the load-rotation plane it may be observed that non-symmetric mode shape evolutions grow and decrease quickly near the first and second point of bifurcation. In the load-deflection plane the two bifurcated paths coincide and correspond to Fig. 8 and the bifurcated paths do not exhibit a deflection limit point, i.e. the bifurcated paths are stable in defection control.
Nonlinear Buckling Optimization of Composite Cylindrical Shell
A composite cylindrical shell example studied both numerically and experimentally by [53, 54] Various solutions to the initial design of the composite shell example are given in Fig. 12 . The nonlinear equilibrium problem features both a limit point and a bifurcation point on the fundamental equilibrium path. The bifurcation point is reached prior to the limit point, thus this is the preferred lower energy path. The fundamental path may be obtained by path following techniques upon the perfect system, whereas the bifurcated path may be obtained by path following techniques upon an imperfect structure. Imperfections are applied as described in Section 4. For the imperfect system, the bifurcation point is transformed into a limit point since bifurcation is unstable. The bifurcation point may also be determined directly for the perfect system by using other techniques, e.g. by those described in Section 4.
The geometrically nonlinear solution of the perfect system is denoted the symmetric solution, whereas the solution which involves the bifurcated equilibrium path is denoted the asymmetric solution. Figure 11 : Geometry, loads, boundary conditions, material properties, laminate layup for the composite cylindrical shell example. The hinged support is related to the mid surface of the shell, which is realized by multi point constraints between the top and bottom edge nodes of the solid shell finite elements. The shell is loaded by two point loads in the negative y-direction, at the top and bottom node in the centre of the shell. The top node in the centre of the panel is constrained against displacements in the x-and z-direction. All dimensions refer to the mid surface, where the total thickness is denoted by t. The fiber angles for the laminate layup are measured by the angle, θ, from the shell centerline.
with a similar shell finite element model in ANSYS and numerical solutions from [54, 6, 7] . Linear buckling analysis yields a good prediction of the bifurcation load factor but a poor prediction of the displacements at bifurcation.
During optimization of the cylindrical composite shell several interesting things might take place. Considering the equilibrium paths in Fig. 12 , optimization of the lowest stability load may push the bifurcation load towards the limit point and maybe even above it and as a consequence cause the bifurcation point to vanish. Furthermore, iterative design changes during optimization may also introduce some kind of non-symmetry into the structure in the same manner as geometric imperfections which changes the bifurcation point on the fundamental path to a limit point on the equilibrium path of the "imperfect" system. All these issues are taken care of in the general type nonlinear buckling optimization formulation presented in Section 2 and 3 and demonstrated by the following optimization cases.
Case #1 -Laminate Fiber Angle Optimization
The composite laminate shell is optimized with respect to a general type stability load, i.e. depending on the first stability point to appear on the fundamental equilibrium path, bifurcation point or limit point, that point is considered for optimization. The bound formulation is applied considering the lowest four buckling load factors in order to avoid problems related to mode switching, i.e. if e.g. the bifurcation point in Fig. 12 is pushed towards the load limit point.
Fiber angles in the laminate layup definition are chosen as design variables and may vary continuously. This gives a total of 6 fiber angle design variables.
The starting point for the optimization is the initial laminate layup analyzed previously. The optimization history is shown in Fig. 13 , where both the objective function value, i.e. the estimated critical point value in the nonlinear buckling analysis, and the detected critical point, i.e. bifurcation or limit point, are plotted for each optimization iteration. During optimization the type of the stability point changes between being a bifurcation and a limit point and the optimization formulation successfully succeed to improve the general type stability load. The change in stability is caused by non-symmetry in the laminate design introduced by the optimizer. Introduction of non-symmetry in the laminate layup has the same effect as imperfections which were discussed in Section 4, i.e. it transforms the unstable bifurcation point into a limit point. The lowest buckling load factors do not get close during optimization thus no mode switching occur. The stability load of the optimized design is 188.1N and the optimized fiber angle design is
Traditional linear buckling optimization, considering the lowest four linear buckling load factors, yields a different result, see the optimization histories in Fig. 14 . The fundamental linear buckling load of the optimized design is 112.6N whereas the more accurately determined stability load predicted by geometrically nonlinear analysis yields a stability load of 158.5N of the linear buckling optimized design, thus linear buckling analysis severely underestimates the buckling load of the optimized design. The linear buckling optimized fiber angle design is
During linear buckling optimization the lowest two buckling load factors gets close and mode switching occur, see Fig. 14. In order to take care about possible multiple eigenvalues the formulation described in [44] has been applied since multiple eigenvalues not are differentiable in the common sense and the sensitivities cannot be calculated in the same manner as for simple distinct eigenvalues. This formulation has only been applied when the difference between the eigenvalues is below 0.1%. Despite very close values between the two fundamental eigenvalues no multiplicity could be confirmed by inspection of the so-called generalized gradient vectors, see [44] .
The two fundamental buckling modes for optimization iteration one predicted by linear buckling analysis are depicted in Fig. 14 and consist of an asymmetric and symmetric buckling mode. The asymmetric mode corresponds to bifurcation buckling whereas the symmetric mode corresponds to limit point buckling. It is interesting to note that the fundamental buckling mode during optimization switches between these modes, i.e. linear buckling analysis predicts for some design configurations limit point buckling. Important to notice is also that these buckling mode predictions are artefacts of the ability of the linear buckling formulation to predict stability, i.e. no multiple eigenvalues or close eigenvalues can be predicted by accurate geometrically nonlinear buckling analysis. Thus, geometrically nonlinear prebuckling effects play an important role for this example and unreliable buckling predictions are obtained by the linear buckling formulation. Furthermore, the general type nonlinear buckling optimization formulation yields a much better design for maximum buckling resistance.
For the nonlinear buckling optimization the re-initialization feature of the arc-length solver is activated during geometrically nonlinear analysis according to Algorithm 4, giving a total of 15 − 19 load steps for each analysis. The re-initialization feature is activated at a load level of approximately 90% of the critical load resulting in typically 5 − 10 load steps for the remaining part of the equilibrium path until the critical point is reached. The load level for the chosen equilibrium point for the nonlinear buckling analysis and design sensitivity analysis, see (8) and (12), is typically 2 − 4% less than the critical load. To investigate the sensitivity of the nonlinear buckling optimization procedure with respect to the estimation point, the optimization is performed without the use of the re-initialization feature of the arc-length solver, resulting in a coarser solution resolution, i.e. less equilibrium points near the critical point. This results in 8−11 load steps for the geometrically nonlinear analysis and an estimation point at a load around 25% less than the critical load. The stability load of the nonlinear buckling optimized design without re-initialization of the arc-length solver is 183.2N, which only is slightly lower than the buckling load of the optimized design with the use of the re-initialization feature. Thus, for this example the nonlinear buckling optimization procedure is not very sensitive to the chosen precritical equilibrium point for nonlinear buckling analysis and design sensitivity analysis.
However, a fine solution discretization is needed to accurately detect the critical point load. 
Case #2 -Laminate Fiber Angle Optimization
For this optimization case the design parametrization are different from the previous optimization case #1 whereas the same optimization formulations are applied and studied. The shell is divided into 4 patches, see Fig. 15 . Within a patch containing a set of finite elements only one fiber angle design variable controls the orientation of the given fiber layer in the finite element set. This is a valid approach for practical design problems since laminates are typically made using fiber mats covering larger areas. Having 4 patches and 6 fiber layers in the laminate layup thus gives a total of 24 fiber angle design variables. Though, this parametrization may yield discontinuities between fiber angles within the same laminate layer which may not be preferable from a manufacturing point of view. This problem could be circumvented with the application of manufacturing constraints. The starting point for the optimization is the initial laminate layup analyzed previously. The optimization history is shown in Fig. 16 , where both the objective function value, i.e. the estimated critical point value in the nonlinear buckling analysis, and the detected critical point, i.e. bifurcation or limit point, are plotted for each optimization iteration.
During optimization the type of the stability point again changes between being a bifurcation and a limit point and the change in stability is again caused by non-symmetry in the laminate design introduced by the optimizer. The stability load of the general type nonlinear buckling optimized design is 189.4N and thereby slightly higher than the stability load obtained in optimization case #1. This is meaningful since more design freedom exists for the parametrization applied in this optimization case and a better optimization result is expected. The linear buckling optimized design has a linear buckling load of 115.3N and a geometrically nonlinear stability load of 165.0N. Again, geometrically nonlinear prebuckling effects play an important role thus the linear buckling optimization formulation yields less performing optimization results and underestimates the stability load of the optimized design.
Case #3 -Single Layer Fiber Angle Optimization
The shell is now considered only having a single fiber layer of the total thickness. The fiber angle in each finite element is initially set to 90
• . In the optimization the fiber angle is changed in each finite element giving a total of 400 fiber angle design variables. This parametrization is not entirely physical from a manufacturing point of view but gives large design freedom in the optimization, nice representation of the design results, and serves only as a numerical academic benchmark. Optimization is again performed with respect to the linear buckling load and the general type nonlinear buckling load and the results are compared in order to determine the importance of including nonlinear prebuckling effects in the optimization formulation. In each case the bound formulation is applied considering the lowest four buckling load factors.
The linear buckling optimized design has a linear buckling load of 133.7N and a geometrically nonlinear stability load of 163.1N, and the linear buckling optimized fiber angle design is shown in Fig. 19 left.
The optimization history to the general type nonlinear buckling optimization is shown in Fig. 17 . As for the previous cases the stability type is dependent on symmetry in design, i.e. limit points are detected when the fiber angle layout is not perfectly symmetric where non-symmetry in the design is introduced by the optimizer. The optimized design has a stability load of 290.2N and the optimized fiber angle design is shown in Fig. 19 right.
Iter 35
Iter 36
Iter 37
Iter 38
Iter 39
Iter 40 • . The reduction in design change is caused by adaptivity control of the maximum move limit of the design variables, i.e. the maximum move limit of a design variable is reduced if the design change from two successive optimization iterations is of opposite sign. However, relatively small design changes in the considered optimization iterations lead to major changes in the stability load. This indicates that the design space is highly nonlinear in this design area. Fiber angle optimization is known to be associated with a non-convex design space with many local minima. Thus, the fluctuations may be avoided by reducing the maximum move limit, though increasing the risk of convergence to a local minimum. This has been attempted for the present optimization case and more smooth optimization histories were achieved on the expense of lower stability loads.
The general type nonlinear buckling optimized design is approximately 42.9% better than the linear buckling optimized design, thus geometrically nonlinear prebuckling effects play an important role for this example. This is also noticed by considering the optimized designs in Fig. 19 . The pattern like designs of fiber angle distribution are very different despite that most of the fibers for both optimized designs are aligned in the circumferential direction. The linear buckling optimization formulation succeeds improving the buckling load despite the inherent linear assumptions in the formulation and the poor prediction of the "real" stability load which at the optimized design were underestimated. Yet the general type nonlinear buckling optimization formulation proves to give much better optimization results, a more reliable prediction of the stability load, and information about the type of instability.
Linear buckling optimization should be used with caution and only in cases where nonlinear prebuckling effects may be neglected or at least the buckling load of the final linear buckling optimized design is verified by a GNL analysis.
Conclusions
General type buckling behaviour of composite structures can reliably be improved by the proposed optimization method. The method include loss of stability due to bifurcation and limiting behaviour depending on what is encountered first on the equilibrium path. A more precise estimate than classical linear buckling analysis is obtained by performing accurate nonlinear path tracing analysis and estimating the buckling load at a precritical point on the deformed structure. Features for detecting bifurcation and limit points have been developed for this purpose. General sensitivity formulas for the nonlinear buckling load, described by discretized finite element matrix equations, have been derived and the design sensitivities are approximated at the precritical point, thus no exact and troublesome determination of the exact critical point is necessary.
Shell buckling today is still a challenging task and the complicated behaviour that may be encountered can be difficult to analyze. This has been demonstrated by a thorough assessment of a classical buckling benchmark example introduced by [5] . The original solution to this immediate simple well-known example was lately proved to be incorrect by [6, 7] and is also included and treated in the book by [8] . But also their solution to the problem turns out to be incorrect. During the assessment of the shell benchmark problem in this paper it has been shown that the shell looses its stability due to bifurcation and that the bifurcation point is unstable and not stable as stated in [6, 7, 8] . In fact the bifurcation point is an unstable symmetric point of bifurcation.
The general type nonlinear buckling optimization method has been applied successfully in the buckling optimization of a composite cylindrical shell using fiber angle parametrization. Problems related to local minima and non-convexity in design space were encountered in one out of three optimization cases and caused the objective function value not to increase monotonously. It is well known that fiber angle optimization contains these issues but since the optimization method and formulas presented in this paper are generic it may easily be applied for more well behaved parametrizations.
The optimization examples demonstrated the importance of the nonlinear buckling formulation and that the type of stability should be considered since it may change during optimization. The bound formulation was applied in the studies in order to avoid problems related to mode switching if several stability points come close during optimization.
Such a situation did however not occur in the general type nonlinear buckling optimization despite the type of stability changed during optimization, i.e. the same mode of stability was always optimized and depending on symmetry in design appeared as a load limit point or bifurcation point.
The general type nonlinear buckling formulation was benchmarked against the traditional linear buckling formulation and much better optimization results were obtained by the general type nonlinear buckling formulation. The linear buckling formulation did improve the buckling resistance to some extent despite poor prediction of the stability load. Linear buckling analysis is often used to predict instability and to optimize structures for maximum buckling performance without considering nonlinear effects or type of stability. Precautions should be taken before applying the linear buckling formulation, especially in cases with nonlinear prebuckling path and in cases with limit point instability.
Using the general type nonlinear buckling optimization formulation, structures can reliably be optimized with respect to a general type stability, i.e. either bifurcation or limit point stability, and especially in cases where geometrically nonlinear effects cannot be ignored. This allows the material utilization of buckling critical laminated structures to be pushed to the limit in an efficient way yet allowing lighter and stronger structures.
